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A NEW CONSTRUCTION OF LENS SPACES
SOUMEN SARKAR AND DONG YOUP SUH
Abstract. Let Tn be the real n-torus group. We give a new definition of lens spaces and
study the diffeomorphic classification of lens spaces. We show that any 3-dimensional
lens space L(p; q) is T 2-equivariantly cobordant to zero. We also give some sufficient
conditions for higher dimensional lens spaces L(p; q1, . . . , qn) to be T
n+1-equivariantly
cobordant to zero. In 2005, B. Hanke showed that complex equivariant cobordism class
of a lens space is trivial. Nevertheless, our proofs are constructive using toric topological
arguments.
1. Introduction
Constructing 3-dimensional lens spaces by surgery on knots was discussed in the paper
of Fintushel and Stern [FS80]. Inspired by [FS80], one may ask if there is another way to
construct any dimensional lens spaces. To answer this question we introduce the hyper-
characteristic function on an n-simplex to give new construction of a (2n+ 1)-dimensional
lens space. This new definition of lens spaces helps to determine the explicit cobordism of
many lens spaces.
Cobordism was first introduced by Lev Pontryagin in his seminal work on manifolds,
[Pon47]. In early 1950’s Rene´ Thom [Tho54] showed that cobordism groups could be
computed through homotopy theory using the Thom construction, and now we know the
oriented, non-oriented and complex cobordism rings completely. On the other hand, even
though there have been a lot of developments, the equivariant cobordism rings are not
determined for any nontrivial groups. Part of the reason is that the Thom transversality
theorem does not hold in equivariant category, and hence the equivariant cobordism can
not be reduced to homotopy theory.
In this article we study equivariant cobordism of lens spaces. In particular, Theo-
rem 4.16 gives a sufficient condition for a (2n+ 1)-dimensional lens space L(p; q1, . . . , qn)
to be a Tn+1-equivariant boundary, where Tn+1 is the rank n + 1 real torus group. In
particular, Corollary 4.17 shows that if any two integers of p, q1 . . . , qn are relatively prime
and q1, . . . , qn satisfy the sufficient condition of Theorem 4.16, then L(p; q1, . . . , qn) is a
Tn+1-equivariant boundary. Moreover, we can explicitely construct a (2n+2)-dimensional
oriented Tn+1-manifold which bounds L(p; q1, . . . , qn).
The main tool to get such results is the theory of quasitoric manifolds, which was
introduced by Davis and Januskiewicz in the pioneering work [DJ91]. A quasitoric manifold
is a closed 2n-dimensional manifold M with a locally standard Tn action whose orbit space
has the structure of an n-dimensional simple convex polytope P . Each codimension one
face F of P , called a facet, corresponds to codimension two submanifolds fixed by a circle
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2 S. SARKAR AND D. Y. SUH
subgroup S1F of T
n, and such information is recorded as a characteristic function
λ : F(P )→ Zn
defined up to sign. Here F(P ) denotes the set of facets of P . This characteristic function
must satisfy the following nonsingularity condition.
Nonsingularity Condition 1.1. If the intersection F1 ∩ · · · ∩ F` of ` facets of P is an
(n−`)-dimensional face of P , then the integral vectors λ(F1), . . . λ(F`) form a part of basis
of Zn for all ` = 1, . . . , n
Conversely, for a given n-dimensional simple polytope P and a function λ : F(P )→ Zn
satisfying the above nonsingularity condition, a quasitoric manifold M(P, λ) with P as
its orbit space and λ as its characteristic function can be constructed, see 1.5 in [DJ91].
Indeed, the associated quasitoric manifold is the quotient space
(1.1) M(P, λ) = Tn × P/ ∼,
where ∼ is the equivalence relation defined by
(t, p) ∼ (s, q)⇔ p = q and ts−1 ∈ TF .
Here, F is the unique face of P containing x in its relative interior, and if F is the
intersection F1 ∩ · · · ∩ F` of ` facets, then TF is the torus subgroup corresponding to the
subgroup of Zn generated by the vectors λ(F1), . . . , λ(F`).
In Section2, we modify the definition of characteristic function to a hyper characteristic
function
ξ : F(∆n)→ Zn+1
defined on the set of facets of the n-simplex ∆n. Note that the rank of the target group
is n+ 1, instead of n. Then, by similar construction to (1.1), we can construct a (2n+ 1)-
dimensional Tn+1-manifold
L(∆n, ξ) = Tn+1 ×∆n/ ∼
which is called a generalized lens space.
Let p > 0, q1, . . . , qn be integers such that p and qi are relatively prime for i = 1, . . . , n.
Let f0, . . . , fn be the facets of ∆
n, and consider a hyper characteristic function ξ defined
by
ξ(f0) = (−q1, . . . ,−qn, p), and
ξ(fi) = ei, for i = 1, . . . , n,
where ei is the standard ith basis vector of Zn+1. Then the generalized lens space L(∆n, ξ)
is exactly the usual (2n+1)-dimensional lens space L(p; q1, . . . , qn), which gives an alterna-
tive construction of a (2n+1)-dimensional lens space using the technique of toric topology.
Let L(p; q1, . . . , qn) = L(∆
n, ξ) be a (2n+1)-dimensional lens space for a hyper charac-
teristic function ξ defined as above. Now consider the (n + 1)-simplex ∆n+1, and regard
∆n as a facet of it. We would like to extend ξ to a rational characteristic function
η : (∆n+1)→ Zn+1,
i.e., η satisfy the nonsingularity condition for ` = 1, . . . , n− 1 so that
η(F0) = ξ(f0) = (−q1, . . . ,−qn, p), and
η(Fi) = ξ(fi) = ei, for i = 1, . . . , n,
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where Fi is the facet containing fi and not equal to ∆
n. Then the space
M = (Tn+1 ×∆n+1)/ ∼
constructed similarly to (1.1) is, in general, an orbifold with singularities occurring at the
points corresponding to the vertices of ∆n+1.
Now consider the vertex-cut ∆n+1V of ∆
n+1, i.e., cutting off a small disjoint (n + 1)-
simplex-shaped neighborhoods from each vertex of ∆n+1. Then
W := pi−1(∆n+1V ) = T
n+1 ×∆n+1V / ∼⊂M
is a (2n+2)-dimensional manifold with boundary, which consists of (2n+1) dimensional lens
spaces, and in particular one of the boundary components is the lens space L(p; q1, . . . , qn).
Here
pi : (Tn+1 ×∆n+1)/ ∼→ ∆n+1
is the map induced from the projection. If the numbers p, q1, . . . , qn satisfy certain number
theoretical condition, then we can continue the similar procedure to the other bound-
ary components to show that they are equivariant boundaries, and hence the lens space
L(p; q1, . . . , qn) is an equivariant boundary. This is how we get the main results of this
article, see Theorem 4.10 and 4.16. In 2005, B. Hanke showed that complex equivariant
cobordism class of a lens space is trivial, see Theorem 1 in [Han05]. Nevertheless, our
proofs are combinatorial and constructive. A nice application of this construction can be
found in Section 2 of [BSS15].
2. Some quotient spaces of odd dimensional spheres and lens spaces
In this section, first we recall the known definition of lens spaces. Then we give another
description of (2n+1)-dimensional lens space L(p; q1, . . . , qn), and find some sufficient con-
dition for two (2n+ 1)-dimensional lens spaces to be diffeomorphic using toric topological
techniques.
Let p > 0, q1, . . . , qn be integers such that p and qi are relatively prime for all i = 1, . . . , n.
The (2n+ 1)-dimensional lens space L(p; q1, . . . , qn) is the orbit space S
2n+1/Zp where Zp
action on S2n+1 is defined by
θ : Zp × S2n+1 → S2n+1
(k, (z1, . . . , zn)) 7→ (e2kq1pi
√−1/pz1, . . . , e2kqnpi
√−1/pzn, e2kpi
√−1/pzn+1)
where S2n+1 =
{
(z1, . . . , zn+1) ∈ Cn+1
∣∣ |z1|2 + · · ·+ |zn+1|2 = 1}.
There is an alternative description of a 3-dimensional lens space L(p; q) as the result of
gluing two solid tori via an appropriate homeomorphism of their boundaries, see [OR70].
Moreover it is shown in ([Bro60]) that L(p; q) is homeomorphic to L(p; r) if and only if
r ≡ ±q (mod p) or qr ≡ ±1 (mod p).
Now we give new construction of lens spaces. Let ∆n = V0V1 · · ·Vn be an n-dimensional
simplex with vertices V0, . . . , Vn. Let Fi be the facet of ∆
n which does not contain Vi, and
let F(∆n) donate the set {F0, . . . , Fn} of facets of ∆n.
Definition 2.1. A function ξ : F(∆n) → Zn+1 is called a hyper characteristic func-
tion on ∆n if whenever Fi1 ∩ Fi2 ∩ . . . ∩ Fi` is nonempty, the submodule generated by
{ξ(Fi1), . . . , ξ(Fi`)} is a direct summand of Zn+1 of rank `. For notational convenience, let
us denote ξ(Fi) by ξi for i = 0, . . . , n.
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Example 2.2. Some hyper characteristic functions for triangles are given in Figure 1.
One can show that the submodules generated by {(0, 2, 3), (4, 1, 0)}, {(4, 1, 0), (3, 2, 4)}
and {(3, 2, 4), (0, 2, 3)} are direct summands of Z3. We can check that the function given
in Figure 1 (b) is a hyper characteristic function if and only if p is relatively prime to each
q1 and q2.
(4, 1, 0)
(3, 2, 4)(0, 2, 3)
(1, 0, 0)
(a) (b)
(0, 1, 0) (−q1,−q2, p)
V0
V1
V2
V0 V1
V2
Figure 1. Some hyper characteristic functions of triangle.
Of course a hyper characteristic function can be defined for more general simple convex
polytope P , but we only consider the simplex case here.
Let F be a face of ∆n of codimension `. Then F is the intersection of a unique collection
of ` facets Fi1 , Fi2 , . . . , Fi` of ∆
n. Let TF be the torus subgroup of T
n+1 corresponding
to the submodule generated by {ξi1 , ξi2 , . . . , ξi`} of Zn+1. Fix T∆n = 1. We define an
equivalence relation ∼ on the product Tn+1 ×∆n as follows.
(2.1) (t, x) ∼ (u, y) if and only if x = y and tu−1 ∈ TF
where F ⊂ ∆n is the unique face containing x in its relative interior. We denote the
quotient space (Tn+1 × ∆n)/ ∼ by L(∆n, ξ). Let Z(∆n, ξ) ⊂ Zn+1 be the submodule
generated by ξ0, . . . , ξn, and let
Zξ(∆n) := Zn+1/Z(∆n, ξ).
Note that the rank of Z(∆n, ξ) = n or n+ 1, since ξ is a hyper characteristic function.
Proposition 2.3. The quotient space L(∆n, ξ) is a (2n+ 1)-dimensional topological man-
ifold with the natural effective action of Tn+1 induced from the group operation on the first
factor of Tn+1 ×∆n. Furthermore,
(1) if the rank of Z(∆n, ξ) is n then L(∆n, ξ) is homeomorphic to S1 × CPn, and
(2) if the rank of Z(∆n, ξ) is n+ 1 then L(∆n, ξ) is homeomorphic to S2n+1/Zξ(∆n).
In particular, if {ξ0, . . . , ξn} form a basis for Zn+1 then L(∆n, ξ) is homeomorphic
to S2n+1.
Proof. Let Ui = ∆
n − Fi for i = 0, 1, . . . , n. Then Ui is diffeomorphic to
Rn≥0 = {(x1, . . . , xn) ∈ Rn | xi ≥ 0 for i = 1, . . . n}.
Let f i : Ui → Rn≥0 be a diffeomorphism. Let S1ξi be the circle subgroup of Tn+1 determined
by the vector ξi for i = 0, . . . , n. So T
n+1 = S1i × S1ξ0 × . . . × Ŝ1ξi × . . . × S1ξn for some
circle subgroup S1i determined by some primitive vector vi ∈ Zn+1, where ̂ represents the
omission of the circle S1ξi . Let {e1, ..., en+1} be the standard basis of Zn+1 over Z. Consider
the diffeomorphism
gi : Tn+1 → Tn+1
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defined by gi(vi) = ei+1 and g
i(ξj) = ej+1 for j 6= i. So the diffeomorphism
gi × f i : Tn+1 × Ui → Tn+1 × Rn≥0
induces an weakly-equivariant homeomorphism from (Tn+1 × Ui)/ ∼ to
(Tn+1 × Rn≥0)/ ∼e= S1ei+1 × ((S1e1 × . . .× Ŝ1ei+1 × . . .× S1en+1)/ ∼e) ∼= S1ei+1 × Cn
where ∼e is the relation ∼ of Lemma 1.6 in [DJ91]. Hence L(∆n, ξ) is covered by the
(2n + 1)-dimensional open sets (Tn+1 × Ui)/ ∼. Thus L(∆n, ξ) is a (2n + 1)-dimensional
topological manifold. The Tn+1-action on the first factor of Tn+1×∆n induces an effective
Tn+1-action on L(∆n, ξ).
Suppose the rank of Z(∆n, ξ) is n. Since ξ is a hyper characteristic function, the sub-
module generated by {ξ0, . . . , ξn−1} is a direct summand of rank n. Then the vector
ξn is contained in the subgroup < ξ0, . . . , ξn−1 > and there exists v ∈ Zn+1 such that
{ξ0, . . . , ξn−1, v} is a basis of Zn+1. So by considering some automorphism on Zn+1, if nec-
essary, we may regard ξ as a characteristic function of ∆n in the sense of [DJ91]. Let S1v
and Tv be the subgroups of T
n+1 determined by {v} and {ξ0, . . . , ξn−1}. So Tn+1 ∼= S1v⊕Tv.
Then
(Tn+1 ×∆n)/ ∼ ∼= S1v × (Tv ×∆n)/ ∼ ∼= S1v × CPn.
Now, assume that the rank of Z(∆n, ξ) is n+ 1. Let {e1, ..., en+1} be the standard basis
of Zn+1 over Z. Define
ξs(Fi) = ei+1 = ξ
s
i for i = 0, . . . , n
called the standard hyper characteristic function of ∆n. Consider the standard action of
Tn+1 on Cn+1. The orbit map
pis : Cn+1 → Rn+1≥0
of this action is given by (z1, . . . , zn+1)→ (|z1|, . . . , |zn+1|). Let
H =
{
(x1, . . . , xn+1) ∈ Rn+1≥
∣∣ x1 + · · ·+ xn+1 = 1}.
Then H is diffeomorphic as manifold with corners to ∆n. Facets of H are
Hi = {(x1, . . . , xn+1) ∈ H | xi = 0}
for i = 1, . . . , n+ 1. The isotropy subgroup of pi−1s (Hi) is the ith circle subgroup of Tn+1.
So we get a hyper characteristic function on H which is nothing but the standard one.
Hence it is clear that
S2n+1 = pi−1s (H) ∼= (Tn+1 ×H)/ ∼s∼= (Tn+1 ×∆n)/ ∼s= L(∆n, ξs),
where ∼s is the equivalence relation ∼ defined in (2.1) corresponding to the standard hyper
characteristic function ξs. Consider the map
β : Zn+1 → Zn+1 defined by β(ei = ξsi−1) = ξi−1
for i = 1, ..., n+ 1. Let Zn+1R = Z
n+1 ⊗Z R. Since the rank of Z(∆n, ξ) is n+ 1, the map β
induces a surjective homomorphism
β : Tn+1 ∼= Zn+1R /Im(β)→ Zn+1R /Zn+1 ∼= Tn+1
defined by v + Im(β) → v + Zn+1.The kernel of β is Zn+1/Im(β) = Zξ(∆n), a finite
subgroup of Tn+1. From the definition of ∼s and ∼ We get the following commutative
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diagram
Tn+1 ×∆n β×id−−−−→ Tn+1 ×∆ny y
S2n+1 = (Tn+1 ×∆n)/ ∼s fβ−−−−→ ((Tn+1 ×∆)/ ∼= L(∆n, ξ)
where fβ is defined by fβ([t, x]
∼s) = [β(t), x]∼ on the equivalence classes. So fβ is a
continuous surjective map. The finite group Zξ(∆n) has a natural free and smooth action
on Tn+1 induced by the group operation. This induces a smooth action of Zξ(∆n) on S2n+1.
Since β is a covering homomorphism with the finite covering group Zξ(∆n), the map fβ
induces a bijective continuous map between compact Hausdorff spaces S2n+1/Zξ(∆n) and
L(∆n, ξ). Therefore L(∆n, ξ) is homeomorphic to the quotient space S2n+1/Zξ(∆n). 
In the case when rank of Z(∆n, ξ) is n + 1, we call the space L(∆n, ξ) a general-
ized lens space corresponding to the hyper characteristic function ξ on ∆n. We call (∆n, ξ)
a combinatorial model for the generalized lens space.
Remark 2.4. If {ξ0, . . . , ξn} is a basis of Zn+1 over Z then the manifold L(∆n, ξ) is the
sphere S2n+1, the moment angle manifold of ∆n, where the natural action of Tn+1 may
differ from the standard action on S2n+1 by an automorphism of Tn+1.
We now consider generalized lens spaces with a particular type of hyper characteristic
functions. Let p > 0, q1, ..., qn be integers such that p is relatively prime to each qi for
i = 1, ..., n. Define a function
ξ : F(∆n)→ Zn+1
by ξ(Fi) = ei for i = 1, ..., n and ξ(F0) = (−q1,−q2, ...,−qn, p). So ξ is a hyper charac-
teristic function of ∆n. The rank of the submodule generated by {ξ(Fi) | i = 0, . . . , n} is
n + 1. In this case the surjective homomorphism β : Tn+1 → Tn+1 induced by ξ is given
by,
(2.2) β : (t1, . . . , tn+1)→ (t1t−q1n+1, . . . , tnt−qnn+1, tpn+1).
So Zξ(∆n) ∼= {(t, . . . , tn+1) ∈ Tn+1 | t−qin+1ti = 1 for i = 1, . . . , n and tpn+1 = 1}. If ω be the
p-th root of unity, then
Zξ(∆n) ∼= {(ωq1 , . . . , ωqn , ω) ∈ Tn+1 | wp = 1} ∼= Zp.
The Zξ(∆n)-action on S2n+1 induced by the group operation on Tn+1 is nothing but the
following:
(ωq1 , . . . , ωqn , ω)× (z1, z2, . . . , zn+1)→ (ωq1z1, . . . , ωqnzn, ωzn+1)
where (z1, . . . , zn+1) ∈ S2n+1. Hence L(∆n, ξ) is a usual (2n + 1)-dimensional lens space
L(p; q1, . . . , qn). In this case, since the Zξ(∆n)-action on S2n+1 is free, the space L(∆n, ξ)
is smooth. Moreover, the word ‘homeomorphic’ in Proposition 2.3 can be replaced by
‘diffeomorphic’.
We now discuss some classification results of (2n + 1)-dimensional lens spaces. For an
automorphism δ on Tn+1 and a combinatorial model (∆n, ξ) of a generalized lens space L,
the δ-translation of (∆n, ξ) is the combinatorial model (∆n, δ(ξ)) where
δ(ξ) : F(∆n)→ Zn+1
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is the hyper characteristic function such that δ(ξ)(Fi) is the vector in Zn+1 up to sign de-
termined by the circle subgroup δ(T 1ξi). Here T
1
ξi
is the circle subgroup of Tn+1 determined
by the vector ξi.
Definition 2.5. A diffeomorphism g : L1 → L2 between two Tn+1-manifolds L1 and
L2 is δ-equivariant (or weekly-equivariant ) for an automorphism δ of T
n+1 if g satisfies
g(t · x) = δ(t) · g(x) for all (t, x) ∈ Tn+1 × L1.
The arguments of the proof of the following lemma is similar to classification of quasitoric
manifolds, see the proof of Proposition 1.8 of [DJ91].
Lemma 2.6. Let L1 and L2 be two lens spaces with combinatorial models (∆
n, ξ1) and
(∆n, ξ2) respectively. Then L1 and L2 are δ-equivariantly diffeomorphic if and only if
(∆n, ξ2) is a δ-translation of (∆n, ξ1).
The following lemma gives a classification of lens spaces L(p; q1, . . . , qn) up to diffeo-
morphisms. From the integers q1, . . . , qn we obtain the integers r1, . . . , rn as follows. Let
q := (−q1, . . . ,−qn)t. Choose any B ∈ SL(n,Z), and let a = (a1, . . . , an)t := Bq. Then
consider a vector a′ = (a′1, . . . , a′n)t such that a′ ≡ a (mod p). Now let q′ := (q′1, . . . , q′n)t =
−B−1a′, and choose r := (r1, . . . , rn)t to be r ≡ q′ (mod p).
Lemma 2.7. Let p (> 0), q1, . . . , qn be integers such that p is relatively prime to each
qi. Let ri for i = 1, . . . , n be the integers obtained as above. Then two lens spaces
L(p; q1, . . . , qn) and L(p; r1, . . . , rn) are diffeomorphic.
Proof. Let ξ be a hyper characteristic function of ∆n defined by ξ0 = (−q1, . . . ,−qn, p)
and ξi = ei for i = 1, . . . , n. So L(∆
n, ξ) = L(p; q1, . . . , qn). Let B = (bij) ∈ SL(n,Z) and
a = (a1, . . . , an)
t = Bq. Consider the map δ : Zn+1 → Zn+1 represented by the matrix(
B 0
0 1
)
.
Then δ induces an automorphism of Tn+1, which is denoted by the same δ. Consider the
hyper characteristic function δ(ξ), defined by δ(ξ)i = δ(ξi) for i = 0, . . . , n. Then δ(ξ)
induces a surjective homomorphism Tn+1 → Tn+1, defined by
(t1, . . . , tn, tn+1)→ (tb111 · · · tb1nn ta1n+1, . . . , tbn11 · · · tbnnn tann+1, tpn+1).
If a′ = (a′1, . . . , a′n)t ≡ a ( mod p), then The kernel of this map is given by
Zδ(ξ)(∆n) ∼= {(t1, . . . , tn, tn+1) ∈ Tn+1 | tbi11 · · · tbinn t
a′i
n+1 = 1 for i = 1, . . . , n and t
p
n+1 = 1}.
Considering the Lie algebra of Zδ(ξ)(∆n), we need to find (x1, . . . , xn+1) ∈ Zn+1 such that
(2.3) bi1x1 + · · ·+ binxn + a′ixn+1 = 0 and pxn+1 = 0 for i = 1, . . . , n.
Namely,
B
x1...
xn
 = −
a
′
1
...
a′n
xn+1.
Then x1...
xn
 = −B−1
a
′
1
...
a′n
xn+1 =
q
′
1
...
q′n
xn+1.
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So xi = q
′
ixn+1, i.e., ti = t
qi
′
n+1. Since ri ≡ q′i (mod p), we have
Zδ(ξ)(∆n) ∼= {(αr1 , . . . , αrn , α) ∈ Tn+1 : αp = 1}.
The automorphism δ induces a δ-equivariant diffeomorphisms
δ : S2n+1 ∼= L(∆n, ξs)→ L(∆n, δ(ξs)) ∼= S2n+1
and
δ(ξ) : L(∆n, ξ)→ L(∆n, δ(ξ)),
by Lemma 2.6. Here ξs is the standard hyper characteristic function defined in the proof
of Proposition 2.3. Clearly, the following diagram is commutative where vertical arrows
are orbit maps of the actions of Zξ(∆n) and Zδ(ξ)(∆n) on S2n+1.
(2.4)
S2n+1
δ−−−−→ S2n+1y y
L(∆n, ξ)
δ(ξ)−−−−→ L(∆n, δ(ξ)).
Since Zξ(∆n) acts freely on S2n+1, Zδ(ξ)(∆n) acts freely on S2n+1. Therefore we have
L(∆n, δ(ξ)) ∼= L(p; r1, . . . , rn). Hence L(p; q1, . . . , qn) is diffeomorphic to L(p; r1, . . . , rn).

Example 2.8. Consider the hyper characteristic functions of a triangle ∆2 given in Figure
2. The hyper characteristic function ξ2 in (b) is the δ-translation of the hyper characteristic
function ξ1 in (a), where δ is represented by(
B 0
0 1
)
for B =
(
3 5
2 3
)
.
So
a =
(
a1
a2
)
=
(
3 5
2 3
)(
5
7
)
=
(
50
31
)
≡
(
2
3
)
=
(
a′1
a′2
)
= a′ (mod 8)
Then
q′ =
(
q′1
q′2
)
= −B−1a′ = −
(
3 −5
−2 3
)(
2
3
)
=
(
9
−5
)
≡
(
1
3
)
=
(
r1
r2
)
(mod 8).
So
Zξ1(∆2) = {(t−5, t−7, t) ∈ T 3 | t8 = 1} and Zξ2(∆2) = {(t1, t3, t) ∈ T 3 | t8 = 1}.
Hence by Lemma 2.7, the lens spaces L(∆2, ξ1) = L(8;−5,−7) and L(∆2, ξ2) = L(8; 1, 3)
are diffeomorphic.
(a) (b)
(0, 1, 0)
(5, 7, 8)
(3, 2, 0)(1, 0, 0)
(5, 3, 0) (50, 31, 8)
Figure 2. Hyper characteristic functions ξ1 and ξ2 of a triangle ∆2.
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3. Manifolds with lens spaces boundary
In this section we construct oriented Tn-manifold with boundary where the boundary is
a disjoint union of lens spaces. Similar construction can be found in Section 4 of [Sar12].
Let Q be an n-dimensional simple convex polytope in Rn with facets F1, . . . , Fm and
vertices V1, . . . , Vk. Let F(Q) denote the set {F1, . . . , Fm} of the facets of Q.
Definition 3.1. A function η : F(Q) → Zn is called a rational characteristic function
on Q if the set of vectors {η(Fi1), . . . , η(Fi`)} form a part of a basis of Zn whenever the
intersection of the facets {Fi1 , ..., Fi`} is an (n− `)-dimensional face of Q, where n− ` > 0.
The vectors ηi := η(Fi) for i = 1, . . . ,m are called rational characteristic vectors.
Note that the definition of a rational characteristic function is same as that of a char-
acteristic function of a quasitoric manifold in [DJ91] except when ` = 0, i.e., when
Fi1 ∩ . . . ∩ Fin is a vertex of the polytope Q.
Example 3.2. Clearly the function given in the Figure 3 (a) is a rational characteristic
function of a rectangle. We can check that the function given in Figure 3 (b) is a rational
characteristic function of the tetrahedron if and only if any two integers of {q1, q2, p} are
relatively prime.
V0 V1
V2V3
V0 V1
V2
V3
(1, 0)
(3, 8)
(1, 6) (2,−9) (1, 0, 0)
(0, 1, 0)
(0, 0, 1)
(b)(a)
(−q1,−q2, p)
Figure 3. Some rational characteristic functions of rectangle and tetrahedron.
Let η : F(Q) → Zn be a rational characteristic function of Q. Let F be a face of Q of
codimension ` with 0 < ` < n. Since Q is a simple polytope, F is the intersection of a
unique collection of ` many facets Fi1 , Fi2 , . . . , Fi` of Q. Let TF be the torus subgroup of
Tn corresponding to the submodule generated by ηi1 , ηi2 , . . . , ηi` in Zn. We assume TQ = 1
and TVi = T
n for each vertex Vi of Q. We define an equivalence relation ∼b on the product
Tn ×Q as follows:
(3.1) (t, x) ∼b (u, y) if and only if x = y and tu−1 ∈ TF
where F ⊂ Q is the unique face containing x in its relative interior. We denote the
quotient space (Tn×Q)/ ∼b by X(Q, η) and the equivalence class of (t, x) by [t, x]∼b . The
space X(Q, η) is a manifold if and only if the set of vectors {η(Fi1), . . . , η(Fin)} form a
basis of Zn whenever Fi1 ∩ · · · ∩ Fin is a vertex of Q. In this case, the space X(Q, η) is
called a quasitoric manifold which was introduced by M. Davis and T. Januszkiewicz in
[DJ91]. The space X(Q, η) is a quasitoric orbifold if the rank of the submodule generated
by {η(Fi1), . . . , η(Fin)} is n whenever Fi1 ∩ · · · ∩ Fin is a vertex of Q, see the Section 2 in
[PS10]. Let
pi : X(Q, η)→ Q
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be the projection map defined by pi([t, x]∼b) = x.
We can construct Tn-manifold with boundary from the orbifold X(Q, η) as follows. Cut
off a neighborhood of each vertex Vi, i = 1, 2, . . . , k of the simple polytope Q by an affine
hyperplane Hi, i = 1, 2, . . . , k in Rn such that Hi ∩Hj ∩ Q are empty sets for i 6= j. We
call this operation the vertex cut of Q. Then the remaining subset of the convex polytope
Q is an n-dimensional simple convex polytope, denoted by QV . Then the facet
∆n−1i := Q ∩Hi(= QV ∩Hi)
of QV is an (n−1)-dimensional simplex for each i = 1, 2, . . . , k. We restrict the equivalence
relation ∼b in (3.1) to Tn ×QV , and consider the quotient space
(3.2) W (QV , η) = (T
n ×QV )/ ∼b ⊂ X(Q, η).
The natural action of Tn on W (QV , η) is induced by the group operation in T
n.
Lemma 3.3. Let η be a rational characteristic function on a simple polytope Q, and let QV
be the vertex cut of Q. Then W (QV , η) of (3.2) is an oriented 2n-dimensional T
n-manifold
with boundary, whose boundary is a disjoint union of (2n−1)-dimensional generalized lens
spaces.
Proof. We consider Cj = {F : F is a face of QV and F ∩∆n−1j = ∅} and
Uj = QV − ∪F∈CjF
for j = 1, . . . , k. Since QV is a simple polytope, Uj is homeomorphic as manifold with
corners to ∆n−1j × [0, 1) and QV = ∪kj=1Uj . Let
fj : Uj → ∆n−1j × [0, 1)
be a homeomorphism. Notice that the facets of ∆n−1j are {∆n−1j ∩ Fj1 , . . . ,∆n−1j ∩ Fjn}
for some facets Fj1 , . . . , Fjn ∈ {F1, . . . , Fm} such that Vj = Fj1 ∩ · · · ∩Fjn . The restriction
of the rational characteristic function η on the facets of ∆n−1j is given by
ξj(∆n−1j ∩ Fji) = ηji for i = 1, . . . , n.
By definition of the rational characteristic function η, we can see that ξj is a hyper char-
acteristic function on ∆n−1j . So by Section 2, the space L(∆
n−1
j , ξ
j) = (Tn ×∆n−1j )/ ∼b
is a (2n − 1)-dimensional generalized lens spaces for j = 1, . . . , k. From the equivalence
relation ∼b in (3.1), we have the following commutative diagram where lower horizontal
maps are homeomorphisms.
Tn × Uj Id×fi−−−−→ Tn ×∆n−1j × [0, 1)y y
(Tn × Uj)/ ∼b hi−−−−→ ((Tn ×∆n−1j )/ ∼b)× [0, 1)
∼=−−−−→ L(∆n−1j , ξj)× [0, 1).
So
W (QV , η) =
k⋃
j=1
(Tn × Uj)/ ∼b ∼=
k⋃
j=1
(L(∆n−1j , ξ
j)× [0, 1)).
Hence W (QV , η) is an orbifold with boundary where the boundary is the disjoint union
of lens spaces {L(∆n−1j , ξj) : j = 1, . . . , k}. Clearly orientations of Tn and Q induce an
orientation of W (Q,λ). 
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Remark 3.4. If a vertex Vj = Fj1 ∩· · ·∩Fjn of Q such that the set of vectors {η(Fj1), . . . ,
η(Fjn)} form a basis of Zn, then (Tn×∆n−1j )/ ∼ is δ-equivariantly homeomorphic to S2n−1
with the standard Tn action for some automorphism δ of Tn.
4. Torus cobordism of L(p; q1, . . . , qn)
In this section we discuss the Tn+1-equivariant cobordism of lens spaces L(p; q1, . . . , qn).
First, we recall the definition of T k-equivariant cobordism for T k-manifolds where k is a
positive integer.
Definition 4.1. Two same dimensional oriented closed smooth manifolds M1 and M2 with
effective T k-actions are said to be T k-equivariantly cobordant if there exists an oriented
T k-manifold W with boundary ∂W such that ∂W is equivariantly homeeomorphic to
M1 unionsq (−M2) under an orientation preserving homeomorphism. Here −M2 represents the
reverse orientation of M2. When a T
k-manifold M is the boundary of an oriented T k-
manifold with boundary, M is called T k-equivariantly oriented boundary.
From the definition of the manifold L(∆n, ξ) it is clear that Tn+1-action depends on
the characteristic function ξ. We denote the equivariant cobordism class of L(p; q1, . . . , qn)
by [L(p; q1, . . . , qn)]δ where δ represents the action. We discuss the equivariant cobordism
of 3-dimensional, 5-dimensional, and higher dimensional lens spaces separately in the fol-
lowing subsections. Given a0, . . . , ak ∈ Z, we denote greatest common divisor of them by
gcd{a0, . . . , ak}.
4.1. Cobordism of L(p, q), that is when n = 1.
In this case ∆1 is an 1-dimensional simplex, that is the closed interval [0, 1]. Define
ξ : {{0}, {1}} → Z2
by ξ({0}) = (1, 0) and ξ({1}) = (−q, p) where gcd{q, p} = 1 with 0 ≤ |q| < p. From
Section 2 (also from Section 2 of [OR70], we get that the space L(∆1, ξ) is the lens space
L(p, q) with the natural T 2-action coming from the group operation on the first factor of
T 2 ×∆1.
Lemma 4.2. Let (a, b), (c, d) ∈ Z2 such that |det{(a, b), (c, d)}| = r > 1 and gcd{a, b} =
1 = gcd{c, d} . Then there exists (e, f) ∈ Z2 such that | det{(a, b), (e, f)}| = 1, gcd{e, f}
= 1 and | det{(c, d), (e, f)}| < r.
Proof. First we prove when (a, b) = (1, 0). Then |det[(1, 0), (c, d)]| = r = |d|. Since c, d
are relatively prime and r > 1, d 6= 0,±1 and either c > d or d > c. Let c > 0, d > 0 and
c > d. Then r is the area of the parallelogram P in R2 with vertices V1 = (0, 0), V2 = (1, 0),
V3 = (c+ 1, d) and V4 = (c, d). Clearly the length of {y = 1}∩P is 1. So {y = 1}∩P ∩Z2
is nonempty. It may contains only one point (u, 1), since c, d are relatively primes and the
intersection {y = 1} ∩ {cy = dx} ∩ Z2 is empty. From the elementary geometry we get
that the area
|det{(c, d), (u, 1)}| = |c− du|
of the parallelogram P1 with vertices (0, 0), (u, 1), (c + u, d + 1) and (c, d) is less than r.
Also | det{(1, 0), (u, 1)}| = 1 and u, 1 are relatively primes. For other possible values of c
and d we can prove similarly.
We now prove the case when a, b are arbitrary relatively prime integers. Since a, b are
relatively prime, there exists (x, y) ∈ Z2 such that det{(a, b), (x, y)} = 1. So there exists
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V1 V2
Vi
Vi+1
V3
V1 V2
(q1, p1)
(q2, p2)
(qk, pk)
(qi, pi)
Vi
Vi+1
(a) (b)
Vk+1 Vk
Vk−1
Vk
Vk+1
Figure 4. The map η on Q2 and a retraction of Q2 respectively.
A ∈ SL(2,Z) with A(a, b) = (1, 0) and A(x, y) = (0, 1). Note that if gcd{c, d} = 1 then
gcd{(a11c+ a12d), (a21c+ a22d)} = 1 for any (aij) ∈ SL(2,Z). Using this and the previous
arguments we can prove the lemma for general case. 
Lemma 4.3. Let p, q be two relatively prime integers and 0 < q < p. Then there exists
a sequence of pairs (q1, p1), . . . , (qk, pk) where | det{(qi, pi), (qi+1, pi+1)}| = 1 for all i =
1, . . . , k − 1 and (q1, p1) = (1, 0), (qk, pk) = (q, p).
Proof. The proof is the successive application of Lemma 4.2. 
Theorem 4.4. Any lens space L(p; q) is T 2-equivariantly oriented boundary.
Proof. Without loss of generality, we may assume that 0 < q < p. So by Lemma 4.3,
there exists (q1, p1), . . . , (qk, pk) ∈ Z2 where |det{(qi, pi), (qi+1, pi+1)}| = 1 for all i =
1, . . . , k − 1 and (q1, p1) = (1, 0), (qk, pk) = (−q, p). Consider the (k + 1)-gon Q2 with
vertices V1, . . . , Vk+1. So the edges are V1V2, . . . , VkVk+1, Vk+1V1. Define a function
η : {ViVi+1 | i = 1, . . . , k} → Z2
by η(ViVi+1) = (qi, pi) for i = 1, . . . , k, see Figure 4 (a). Let TF be the circle subgroup of
T 2 determined by η(ViVi+1) if F = ViVi+1 and TF = T
2 if F = {Vi} for i = 2, . . . , k. Fix
TF = 1 if F = V1Vk+1 and F = Q
2. We define an equivalence relation ∼b on the product
T 2 ×Q2 by
(4.1) (t, x) ∼b (s, y) if x = y and ts−1 ∈ TF
where F is the unique face containing x in its relative interior. We denote the quotient
space (T 2×Q2)/ ∼b by W (Q2, η). Following the construction 1.5 of [DJ91] and Section 3,
one can show that the space W (Q2, η) is an oriented T 2-manifold with boundary and the
boundary is (T 2 × V1Vk+1)/ ∼b which is equivariantly homeomorphic to L(p; q). 
Corollary 4.5. The lens space L(p, q) bounds a simply connected 4-manifold.
Proof. We adhere to the notations of the proof of Theorem 4.4. Let E = V1V2∪· · ·∪VkVk+1
and pi : W (Q2, η) → Q2 be the orbit map. Then pi−1(E) is a deformation retract
of W (Q2, η), a corresponding retraction on Q2 is shown in Figure 4 (b). Note that
pi−1(ViVi+1) ∼= S2 for i = 1, k and
pi−1(ViVi+1) ∩ pi−1(Vi+1Vi+2) = pi−1(Vi+1) ∼= ∗
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for i = 1, . . . , k−1. Also for i < j, pi−1(ViVi+1)∩pi−1(Vi+1Vi+2) = ∅. So pi−1(E) is a wedge
of S2. Hence the corollary follows. 
4.2. Cobordism of L(p; q1, q2), that is when n = 2.
Consider a 2-simplex ∆2 with vertices v0, v1, v2 and edges f0 = v1v2, f1 = v0v2 and
f2 = v0v1. Let p, q1 and q2 be integers with 0 < q1, q2 < p such that gcd{p, qi} = 1 for
i = 1, 2. Then the function ξ : F(∆2)→ Z3 defined by
ξ(f0) = (−q1,−q2, p), ξ(f1) = (1, 0, 0) and ξ(f2) = (0, 1, 0)
is a hyper characteristic function on ∆2 (see Figure 1 (b)) and the manifold L(∆2, ξ) is the
lens space L(p; q1, q2), see Section 2.
Consider a 3-simplex ∆3 with vertices {V0, V1, V2, V3} and facets {Fi = V0 . . . V̂i . . . V3}
opposite to the vertex Vi for i = 0, 1, 2, 3. We want to extend the hyper characteristic
function ξ of ∆2 to a rational characteristic function η : F(∆3)→ Z3 on ∆3 (see Figure 5
(1)) satisfying
η(F0) = ξ(f0) = (−q1,−q2, p), η(F1) = ξ(f1) = (1, 0, 0),
η(F2) = ξ(f2) = (0, 1, 0) and η(F3) = (a, b, c)
such that
∂W (∆3V , η) =
3⊔
i=0
(T 3 ×∆2i )/ ∼b
where
(T 3 ×∆23)/ ∼b ∼= L(p; q1, q2) and (T 3 ×∆2i )/ ∼b ∼= L(pi; qi1 , qi2)
with pi < p for i = 0, 1, 2.
We then apply the similar procedure to each lens spaces L(pi; qi1 , qi2), i.e., to the induced
hyper characteristic function on ∆2i , until we get a T
3-equivariant cobordism of L(p; q1, q2)
to the sum of L(1; 1, 1) ∼= S5 which is T 3-equivariantly a boundary.
The above procedure depends on the choice of the vector η(F3) = (a, b, c) ∈ Z3. Next
we formulate the existence of such vector in the following question. Let
L(3) = {(−q1,−q2, p) ∈ Z3 | gcd{p, q1} = gcd{p, q2} = 1 and 0 ≤ q1, q2 < p}.
Question 4.6. For a given η0 = (−q1,−q2, p) ∈ L(3), and η1 = (1, 0, 0) and η2 = (0, 1, 0)
does there exist η3 = (−a,−b, c) ∈ Z3 such that 0 ≤ a, b ≤ c, 1 ≤ c satisfying the following:
(1) {ηi, ηj} forms a part of a basis of Z3 for any distinct i, j ∈ {0, 1, 2, 3},
(2) 0 < |det ηijk| < p for any distinct i, j, k ∈ {0, 1, 2, 3} and {i, j, k} 6= {0, 1, 2} where
ηijk is the 3× 3 matrix with ηi, ηj , ηk as its row vectors.
Note that the condition (1) in the above Question 4.6 is equivalent to
(4.2) gcd{a, c} = 1, gcd{b, c} = 1 and gcd{bp− cq2, ap− cq1, bq1 − aq2} = 1.
In Question 4.6, the condition (2) is equivalent to
(4.3) c < p, |ap− cq1| < p and |bp− cq2| < p.
So we can restate Question 4.6 into the following purely number theoretical question:
Question 4.7. For a given vector (−q1,−q2, p) ∈ L(3), do there exist integers a, b, c ∈ Z
such that
(1) gcd{a, c} = 1, gcd{b, c} = 1 and gcd{bp− cq2, ap− cq1, bq1 − aq2} = 1,
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(2) c < p, |ap− cq1| < p and |bp− cq2| < p.
Observation 4.8. Suppose ηi, ηj , ηk are vectors as in condition (2) of Question 4.6. Then
we can always find A ∈ GL(3,Z) such that A(ηi) = (−q′1,−q′2, p′) with 0 < p′ < p,
A(ηj) = (1, 0, 0) and A(ηk) = (0, 1, 0).
Indeed, by condition (1) of Question 4.6, ηj , ηk is a part of a basis of Z3. Extend it to
a basis {ηj , ηk, η`}. So ηi = rjηj + rkηk + r`η` for unique rj , rk, r` ∈ Z. Then r` 6= 0, since
0 < |det ηijk|. Then define A : Z3 → Z3 to be the linear map determined by
A(ηj) = (1, 0, 0), A(ηk) = (0, 1, 0), A(η`) = (0, 0, 1)
where  = 1 if r` > 0 and  = −1 if r` < 0. Then A ∈ GL(3,Z) and |detA| = 1, and if we
let (−q′1,−q′2, p′) = (rj , rk, r`) then A(ηi) = (−q′1,−q′2, p′) and p′ > 0. That is, A satisfies
the desired properties.
Now by condition (2) of Question 4.6,
p′ = | detB| = | detA−1ηijk| = | detA−1||ηijk| = |det ηijk| < p
where B is the 3× 3 matrix with (1, 0, 0), (0, 1, 0), (−q′1,−q′2, p′) as its row vectors.
Moreover, since A ∈ GL(3,Z), the condition (1) of Question 4.6 implies that any two
row vectors of B form a part of a basis of Z3, which means that
gcd{p′, q′1} = gcd{p′, q′2} = 1.
Since the lens space L(p′; q′1, q′2) is determined by the number p′ ∈ N and mod p′
classes [q′1] and [q′2], one can replace q′i by q
′
i + kp
′, if necessary, so that we may assume
0 ≤ q′1, q′2 < p′. This implies that (−q′1,−q′2, p′) ∈ L(3).
Remark 4.9. At this moment, the authors do not know whether Question 4.6 has the
positive answer. If there is an algorithm to find such (−a,−b, c) as in Question 4.6 for
any (−q1,−q2, p) ∈ L(3), then we can explicitly construct an oriented 6-dimensional T 3-
manifold with boundary L(p; q1, q2) as we will see in Theorem 4.10.
Let
N := max
{
p ∈ N ∣∣ for any (−q′1,−q′2, p′) ∈ L(3) with p′ ≤ p Question 4.6
has the positive answer
}
.
Note that Question 4.6 has the positive answer for arbitrary (−q1,−q2, p) ∈ L(3) if and only
if N =∞. It is checked that Question 4.6 has the positive answer for (−q1,−q2, p) ∈ L(3)
with 0 < p ≤ 50, i.e., N ≥ 50.
Theorem 4.10. The lens space L(p; q1, q2) is T
3-equivariantly the boundary of an oriented
manifold if (−q1,−q2, p) ∈ L(3) with p ≤ N.
Proof. Let (−q1,−q2, p) ∈ L(3) with p ≤ N and ∆3 be a 3-simplex with the set of vertices
{V0, V1, V2, V3}. Let Fi be the facet of ∆3 opposite to the vertex Vi for i = 0, 1, 2, 3. From
the definition of N, one can conclude that there exists (−a,−b, c) ∈ L(3) which satisfy all
conditions of Question 4.6. Define the function η : F(∆3)→ Z3 by
η(F0) = (−q1,−q2, p), η(F1) = (1, 0, 0), η(F2) = (0, 1, 0) and η(F3) = (−a,−b, c).
Then η is a rational characteristic function on ∆3. By Lemma 3.3 we get an oriented
T 3-manifold W (∆3V , η) with boundary. The boundaries of W (∆
3
V , η) are the lens spaces
(T 3 ×∆2i )/ ∼b for i = 0, 1, 2, 3 where ∼b is the equivalence relation in (3.1). The simple
polytope ∆3V and the rational characteristic function η are given in the Figure 5.
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(−q1,−q2, p)
(0, 1, 0)
V01 V10
V02
1, 0, 0)
V0 V1
V2
V3 (−q1,−q2, p)
(1, 0, 0)
(0, 1, 0)
(1) (2)
(−a,−b, c) (−a,−b, c)
V03 V12
V13
V21V20
V23
V32
V31V30
Figure 5. ∆3 and vertex cut ∆3V of ∆
3.
Let ∆2i be the facet of ∆
3
V obtained from the vertex cut of ∆
3 at the vertex Vi. Then
the vertices of ∆2i are given by Vij = ∆
2
i ∩ Fk ∩ Fl with {i, j, k, l} = {0, 1, 2, 3}. Define
ξi : F(∆2i )→ Z3 by ξi(VijVik) = η(Fl)
where {i, j, k, l} = {0, 1, 2, 3}. Then for each i ∈ {0, 1, 2, 3}, ξi is a hyper characteristic
function on ∆2i .
When i = 0, then
Im(ξ0) = {η(F1), η(F2), η(F3)} = {(1, 0, 0), (0, 1, 0), (−a,−b, c)}.
Hence, by Section 2, the boundary component L(∆20, ξ
0) = (T 3 ×∆20)/ ∼b of W (∆3V , η) is
the lens space L(c; a, b) with the natural action δ0 of T
3. Note that c < p.
When i = 1, then Im(ξ1) = {η(F0), η(F2), η(F3)} and by condition (2) of Question 4.6
0 < | det[η(F0), η(F2), η(F3)]| = |ap+ cq1| < p.
The Observation 4.8 implies that there is an automorphism A1 of Z3 over Z, which induces
an automorphism δ1 of T
3, such that
(4.4) A1(η(F0)) = (−q′11 ,−q′12 , p1), A1(η(F2)) = (1, 0, 0) and A1(η(F3)) = (0, 1, 0)
where p1 > 0. Since |det(A1)| = 1, p1 = |ap + cq1| < p. Let q′11 ≡ q11 mod (p1)
and q′12 ≡ q12 mod (p1) where 0 ≤ q11 , q12 ≤ p1. The composition A1 ◦ ξ1 is a hyper
characteristic function on ∆21. Then from (4.4) and definition of hyper characteristic
function, one can easily show that
gcd{p1, q11} = 1 = gcd{p1, q12}.
Hence the boundary component L(∆21, ξ
1) = (T 3×∆21)/ ∼b of W (∆3V , η) is δ1-equivariantly
homeomorphic to the lens space L(p1; q11 , q12), where p1 < p < N.
When i = 2, Im(ξ2) = {η(F0), η(F1), η(F3)}. By condition (2) of Question 4.6
0 < | det[η(F0), η(F1), η(F3)]| = |bp− cq2| < p.
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The Observation 4.8 implies that there is an automorphism A2 of Z3 over Z, which induces
an automorphism δ2 of T
3, such that
(4.5) A2(η(F0)) = (−q′21 ,−q′22 , p2), A2(η(F1)) = (1, 0, 0) and A2(η(F3)) = (0, 1, 0)
where p2 > 0. Since |det(A2)| = 1, p2 = |bp + cq2| < p. Let q′21 ≡ q21 mod (p2)
and q′22 ≡ q22 mod (p2) where 0 ≤ q21 , q22 ≤ p2. The composition A2 ◦ ξ2 is a hyper
characteristic function on ∆22. Then from (4.5) and definition of hyper characteristic
function, one can easily show that
gcd{p2, q21} = 1 = gcd{p2, q22}.
Hence the boundary component L(∆22, ξ
2) = (T 3×∆22)/ ∼b of W (∆3V , η) is δ2-equivariantly
homeomorphic to the lens space L(p2; q21 , q22), where p2 < p < N.
When i = 3,
Im(ξ3) = {η(F0), η(F1), η(F2)} = {(1, 0, 0), (0, 1, 0), (−q1,−q2, p)}.
Hence, by Section 2, the boundary component L(∆23, ξ
3) = (T 3 ×∆23)/ ∼b of W (∆3V , η) is
the lens space L(p, q1, q2) with the natural action δ3 of T
3.
From the above discussion we get that L(p; q1, q2) is T
3-equivariant cobordant to
L(c; a, b) unionsq L(p1; q11 , q12) unionsq L(p2; q21 , q22)
where 0 < c, p1, p2 < p. That is,
(4.6) [L(p; q1, q2)]δ3 = [L(c; a, b)]δ0 + [L(p1; q11 , q12)]δ1 + [L(p2; q21 , q22)]δ2
where 0 < c, p1, p2 < p and δi’s are the corresponding actions of T
3 on the respective lens
spaces.
Since c, p1, p2 < N, we may continue the previous constructive technique on the lens
spaces of the right hand side of (4.6), to show that [L(p; q1, q2)]δ3 is zero. Actually, we can
construct an oriented T 3-manifold with boundary where the boundary is the lens space
L(p; q1, q2) by gluing the successive corresponding boundaries via orientation preserving
equivariant maps. 
Corollary 4.11. The lens space L(p; q1, q2) is T
3-equivariantly the boundary of an oriented
manifold if two integers q1 and q2 are relatively prime and q1, q2 ≤ N.
Proof. We may assume q1, q2 > 0. Since q1 and q2 are relatively prime, then (−a,−b, c) =
(0, 0, 1) satisfy all the conditions in Question 4.6. Hence arguing similarly as the proof of
Theorem 4.10, one can show that
[L(p; q1, q2)]δ3 = [L(1; 0, 0)]δ0 + [L(p1; q11 , q12)]δ1 + [L(p2; q21 , q22)]δ2
where p1 = |ap+cq1| = q1 and p2 = |bp+cq2| = q2. Note that L(1; 0, 0) = S5. So L(1; 0, 0)
is T 3-equivariantly oriented boundary. Since 0 ≤ q1, q2 ≤ N, Theorem 4.10 implies that
L(p1; q11 , q12) and L(p2; q21 , q22) are T
3-equivariantly oriented boundary. Therefore the
corollary follows. 
Corollary 4.12. The lens space L(p; q1, q2) is T
3-equivariantly the boundary of an oriented
manifold if q2 = kq1 and q1, p− q2 ≤ N.
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Proof. We may assume q1 is positive. Since q2 = kq1 and (−q1,−q2, p) ∈ L(3), then
(−a,−b, c) = (0,−1, 1) satisfy all the conditions in Question 4.6. Hence arguing similarly
as the proof of Theorem 4.10, one can show that
[L(p; q1, q2)]δ3 = [L(1; 1, 0)]δ0 + [L(p1; q11 , q12)]δ1 + [L(p2; q21 , q22)]δ2
where p1 = |ap + cq1| = q1 and p2 = |bp + cq2| = p − q2. Note that L(1; 1, 0) ∼= S5.
So L(1; 1, 0) is T 3-equivariantly oriented boundary. Since 0 < q1, p − q2 ≤ N, Theorem
4.10 implies that L(p1; q11 , q12) and L(p2; q21 , q22) are T
3-equivariantly oriented boundary.
Therefore the corollary follows. 
Corollary 4.13. The lens space L(p; q1, q2) is T
3-equivariantly the boundary of an oriented
manifold if two integers p− q1 and p− q2 are relatively prime and p− q1, p− q2 ≤ N.
Proof. We may assume q1, q2 > 0. Since p − q1 and p − q2 are relatively prime, then
(−a,−b, c) = (−1,−1, 1) satisfy all the conditions in Question 4.6. Hence arguing similarly
as the proof of Theorem 4.10, one can show that
[L(p; q1, q2)]δ3 = [L(1; 0, 0)]δ0 + [L(p1; q11 , q12)]δ1 + [L(p2; q21 , q22)]δ2
where p1 = |ap + cq1| = p − q1 and p2 = |bp + cq2| = p − q2. Note that L(1; 1, 1) ∼=
S5. So L(1; 1, 1) is T 3-equivariantly oriented boundary. Since 0 ≤ q1, q2 ≤ N, Theorem
4.10 implies that L(p1; q11 , q12) and L(p2; q21 , q22) are T
3-equivariantly oriented boundary.
Therefore the corollary follows. 
4.3. Cobordism of L(p; q1, . . . , qn) when n > 2.
Let ∆n be an n-simplex with vertices {v0, v1, . . . , vn}, and let Fi be the facet of ∆n
which does not contain the vertex vi for i = 0, . . . , n. Let {ei | i = 1, . . . , n + 1} be the
standard basis of Zn+1. Define a function
ξ : {Fi | i = 0, . . . , n} → Zn+1
by ξ(F0) = (−q1, . . . ,−qn, p) and ξ(Fi) = ei for i = 1, . . . , n where p is relatively prime to
each qi for i = 1, . . . , n with 0 ≤ q1, · · · , qn < p. So ξ is a hyper characteristic function on
∆n. Then from Section 2, we get L(∆n, ξ) = L(p; q1, . . . , qn).
Let
L(n) = {(−q1, . . . ,−qn, p) ∈ Zn+1 | gcd{p, qi} = 1 for i = 1, . . . , n with 0 ≤ q1, . . . , qn ≤ p}.
Analogous version of Question 4.6 for n > 2 case is also valid, and if the answer to this ques-
tion is positive, we can construct an oriented Tn+1-manifold with boundary L(p; q1, . . . , qn).
That is, we can give an alternative proof of the following: Any lens space L(p; q1, . . . , qn) is
a Tn+1-equivariantly oriented boundary. Similarly to the n = 2 case, we ask the following
Question.
Question 4.14. For a given η0 = (−q1, . . . ,−qn, p) ∈ L(n), and ηi = ei for i = 1, . . . , n,
does there exist ηn+1 = (−a1, . . . − an, b) ∈ Zn+1 with 0 ≤ a1, . . . , an ≤ b and 1 ≤ b such
that
(1) {η0, . . . , η̂i, . . . , η̂j , . . . , ηn+1} forms a part of a basis of Zn+1 for any distinct i, j ∈
{0, . . . , n + 1} with i < j, where ̂ represents the omission of the corresponding
entry,
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(2) 0 < |det η0...̂i...n+1| < p for any {0 . . . î . . . n + 1} ⊂ {0, . . . , n + 1} and i 6= n + 1
where η0...̂i...n+1 is the n+1×n+1 matrix with η0, . . . , η̂i, . . . , ηn+1 as its row vectors.
At this moment the authors do not know whether Question 4.14 has the positive an-
swer. Similarly to subsection 4.2 one can restate the Question 4.14 in the form of number
theoretical question.
Question 4.15. For a given vector (−q1, . . . ,−qn, p) ∈ L(n), do there exist integers
a1, . . . , an, b ∈ Z such that
(1)
gcd{ai, b} = 1, for i = 1, . . . , n, and
gcd{a2p− bq2, a1p− bq1, a1q2 − a2q1} = 1,
gcd{a3p− bq3, a1p− bq1, a1q3 − a3q1} = 1,
gcd{a4p− bq4, a1p− bq1, a1q3 − a3q1} = 1,
...
gcd{anp− bqn, an−1p− bqn−1, an−1qn − anqn−1} = 1.
(2) b < p, and |aip− bqi| < p for i = 1, . . . , n?
Suppose {ηi1 , . . . , ηin+1} = {η0, . . . , η̂i, . . . , ηn+1} are the vectors as in condition (2) of
Question 4.14. Then we can always find A ∈ GL(n,Z) such that
A(ηij ) = ej for 1 ≤ j ≤ n, and
A(ηin+1) = (−q′1, . . . ,−q′n, p′) with 0 < p′ < p.
The proof of this claim is similar to Observation 4.8. Let
M = max{p ∈ N | for any (−q′1, . . . ,−q′n, p′) ∈ L(n) with p′ ≤ p the Question 4.14
has a solution}.
Theorem 4.16. The lens space L(p; q1, . . . , qn) is T
n+1-equivariantly the boundary of an
oriented manifold if (q1, . . . , qn, p) ∈ L(n) with p ≤M.
Proof. The proof is similar to the proof of Theorem 4.10. So we briefly outline the proof
of this theorem. Let ∆n+1 be the (n+ 1)-dimensional simplex with vertices V0, V1, ..., Vn+1
and facets F0, . . . , Fn+1 where Fi does not contain the vertex Vi for i = 0, . . . , n+ 1. Since
p ≤ M, from the definition of M, one can conclude that there exists (−a1, . . . ,−an, b) ∈
L(n) which satisfy all conditions of Question 4.14. Define a function
η : {F0, . . . , Fn+1} → Zn+1
by
η(F0) = (−q1, . . . ,−qn, p), η(Fn+1) = (−a1, . . . ,−an, b) and η(Fi) = ei for i = 1, . . . , n.
Since p is relatively prime to each qi and b is relatively prime to each ai for i = 1, . . . , n, the
function η is an rational characteristic function on ∆n+1. Hence by Lemma 3.3, W (∆n+1V , η)
is an oriented Tn+1-manifold with boundary where the boundaries are the generalized lens
spaces (Tn+1 ×∆ni )/ ∼b for i = 0, 1, . . . , n+ 1.
Note that the facets of ∆ni are {∆ni ∩ Fj : j 6= i and j ∈ 0, . . . , n+ 1}. The restriction
of η on the facets of ∆ni is given by
ξi(∆ni ∩ Fj) = η(Fj) j 6= i and j ∈ 0, . . . , n+ 1.
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So ξi is a hyper characteristic function on ∆ni and (T
n+1×∆ni )/ ∼b= L(∆ni , ξi). Similarly
as in the proof of Theorem 4.10, we can show that
L(∆nn+1, ξ
n+1) ∼= L(p; q1, . . . , qn), L(∆n0 , ξ0) ∼= L(b; a1, . . . , an)
and L(∆ni , ξ
i) is δi-equivariantly homeomorphic to the lens spaces L(pi; qi1 , . . . , qin) for
i = 1, . . . , n where 0 ≤ qi1 , · · · , qin < pi < p ≤M. That is,
(4.7)
[L(p; q1, . . . , qn)]δn = [L(b; a1, . . . , an)]δ0+[L(p1; q11 , . . . , q1n)]δ1+· · ·+[L(pn; qn1 , . . . , qnn)]δn
where δi’s are the corresponding torus action.
Since b, p1, . . . , pn < M, continuing this process on the right hand side of (4.7), we
can show L(p; q1, . . . , qn) is T
n+1-equivariantly oriented boundary of an oriented manifold.
Moreover, we can construct an oriented Tn+1-manifold with boundary where the boundary
is the lens space L(p; q1, . . . , qn) by gluing the successive corresponding boundaries via
orientation preserving equivariant maps. 
Corollary 4.17. The lens space L(p; q1, . . . , qn) is equivariantly the boundary of an ori-
ented manifold if any two integers of {q1, . . . , qn} are relatively prime and q1, . . . , qn ≤M.
Proof. Since any two integers of the set {q1, . . . , qn, p} are relatively prime, then the vector
(−a1, . . . ,−an, b) = (0, . . . , 0, 1) satisfies all conditions in Question 4.14. We consider
η(Fn+1) = (0, . . . , 0, 1). So form the proof of Theorem 4.16, we get
[L(p; q1, . . . , qn)]δn = [L(1; 0, . . . , 0)]δ0 + [L(p1; q11 , . . . , q1n)]δ1 + · · ·+ [L(pn; qn1 , . . . , qnn)]δn .
where pi = |aip−bqi| = qi < p <M. Note that L(1; 0, . . . , 0) = S2n+1 and so L(1; 0, . . . , 0)
is Tn+1-equivariantly oriented boundary. Since 0 ≤ q1, . . . , qn <M, Theorem 4.16 implies
that L(pi; qi1 , . . . , qin) is T
n+1-equivariantly oriented boundary. Therefore the corollary
follows. 
Remark 4.18. The oriented non-equivariant cobordism class of L(p; q1, . . . , qn) is zero,
since all the Stiefel-Whitney numbers of it are zero.
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